MV'T, Optimization, L’Hopital’s rule and Integrals

November 11, 2016

Problems

Problem 1. Suppose 0 < f'(z) < 3 for all z-values. Show that f(—1) < f(1) <1+ f(-1).

Solution: By Mean Value Theorem, % = f(¢) for some ¢ € (—1,1). Since f’(c) > 0, we get
w >0, ie. f(1) > f(—1). Since f'(c) < %, we get w <ilie f(1)<14 f(-1).

Problem 2. Sketch the graph of zel/*.

Solution: The domain is the set {x € R | z # 0} of all non-zero real numbers.
To find the critical points, we set f'(z) = e/* — %el/z = %el/gc(x — 1) = 0, which has only one solution
2 = 1. Since at 2 = 1 the function f’(z) changes sign from — to +, the point z = 1 is a local minimum.
To find inflection points, we find f”(z) = Ze!/* which is never zero. At z = 0 the derivative doesn’t exist
(even the function is not defined), but f”(x) changes sign from — to + at this point, and so z = 0 is an
inflection point. The function is concave down when x < 0 and concave up when = > 0.
Now, we need to analyze the only point of discontinuity: the point x = 0. We find lim ze

z—0+
lim zel/* = 0.

Yz — 400 and

x—0—

Finally, we need to understand the behavior of ze!/* when x — 400 and when z — —oco. We see
lim ze'/* = +oo and lim ze'/* = —ooc.

T—r+00 T——00

Combining it all together, we get the following graph:




Problem 3. An open-topped cylindrical pot is to have volume 250 cm?.The material for the bottom of the
pot costs 4 cents per cm?; that for its curved side costs 2 cents per cm?. What dimensions will minimize
the total cost of this pot?

Solution: Let r be the radius of the pot, and h be its height. Then the volume is given by V = 7r?h, and
so we are given that 7r?h = 250. From this condition we can find that h = %

The area of the bottom of the pot is 72 and so it will cost 4772 to make it. The area of the side of the pot
is 2wrh = @ and so it will cost @ to make it. The total cost is C(r) = 4mr? + @. We want to
minimize this cost.

The derivative C'(r) = 8rr — 1280, and so the critical points are found by equation 87r — %9 — 0, which

r2
has only one solution r = Siﬁ Since the derivative changes sign at r = 3%/% from — to 4+, this is a point of
local minimum. Since lim C(r) = co and lim C(r) = oo, the point r» = —= is also a point of global
r—0+ r—+00 v
minimum, and so the optimal radius should be = -=. The corresponding height is

$

h = % = whatever it is .
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Problem 4. Compute whg}) (m — ?)

Solution: We get
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Problem 5. Compute the following integrals:
1. [ ze® dx

2. [ 5igde

3. [ ﬁdaz

Solution:
1. %ew2 +C.

2. since

29;-5;13 = % + %76, we can guess the integral to be %x + gln [4x — 6] + C.

3. we know the derivative of arctan(x) is so if we take arctan(x/2), its derivative will be

1
2410
L. m which is almost what we want, except we need to multiply it by % Thus, the answer is

2
% arctan 5 + C.



Problem 6. At time ¢ = 0 a car is moving at 6 m/s and driver smoothly accelerates so that the
acceleration after ¢ seconds is a(t) = 3t m/s?.

1. Write a formula for the speed v(t) of the car after ¢ seconds.

2. How far did the car travel between during the time it took to accelerate from 6 m/s to 30 m/s?

Solution:

1. Since a(t) = dz(tt) = 3t, we know v(t) = 2¢2 + C. Since at t = 0 the speed is 6 m/s, C = 6, and so
v(t) = 32 + 6.

2. The velocity was 6 m/s at time ¢ = 0 and it was 30 m/s when 2¢2 + 6 = 30, i.e. t = 4. So, we are
interested in finding s(4) — s(0). Since v(t) = d‘zl(f), we find s(t) = $t* + 6t + C, and

5(4) —s(0) =343 +6-4+C — 30% — 60 — C = 56 meters.




